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Abstract

This paper presents an analysis of forced convection heat transfer in microchannel heat sinks for electronic system cooling. In view of
the small dimensions of the microstructures, the microchannel is modeled as a fluid-saturated porous medium. Numerical solutions are
obtained based on the Forchheimer—Brinkman-extended Darcy equation for the fluid flow and the two-equation model for heat transfer
between the solid and fluid phases. The velocity field in the microchannel is first solved by a finite-difference scheme, and then the energy
equations governing the solid and fluid phases are solved simultaneously for the temperature distributions. Also, analytical expressions
for the velocity and temperature profiles are presented for a simpler flow model, i.e., the Brinkman-extended Darcy model. This work
attempts to perform a systematic study on the effects of major parameters on the flow and heat transfer characteristics of forced con-
vection in the microchannel heat sink. The governing parameters of engineering importance include the channel aspect ratio (o), inertial
force parameter (I'), porosity (&), and the effective thermal conductivity ratio (k). The velocity profiles of the fluid in the microchannel,
the temperature distributions of the solid and fluid phases, and the overall Nusselt number are illustrated for various values of the prob-
lem parameters. It is found that the fluid inertia force alters noticeably the dimensionless velocity distribution and the fluid temperature
distribution, while the solid temperature distribution is almost insensitive to the fluid inertia. Moreover, the overall Nusselt number

increases with increasing the values of o and ¢, while it decreases with increasing k.

© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Micro-scale heat transfer has received much interest as
the size of the devices decreases, such as in electronic equip-
ments, since the amount of heat that needs to be dissipated
per unit area increases. The performance of these devices is
directly related to the temperature; therefore it is a crucial
issue to maintain the electronics at acceptable temperature
levels. Microchannel heat sinks have become known as one
of the effective cooling techniques, evidently first intro-
duced by Tuckerman and Pease [1,2] for electronics cool-
ing. A water-cooled integral heat sink for silicon
integrated circuits has been designed and tested. With lam-
inar flow in mind, they made a test section which achieved
a power density of 790 W/cm? with a maximum substrate

* Tel.: +886 5 6315354; fax: +886 5 6363010.
E-mail address: chchen@nfu.edu.tw

0017-9310/$ - see front matter © 2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijheatmasstransfer.2006.11.001

temperature rise of 71 °C above the input water tempera-
ture. Inspired by the technique developed by Tuckerman
and Pease, much research has been conducted for micro-
channel heat sinks, as reviewed by Phillips [3]. The fin
approach was employed in most of the previous studies.
The fin approach is effective for the analysis of micro-scale
heat transfer in many practical applications, and has been
used recently to investigate the efficiency of micro-cell hon-
eycombs in compact heat exchangers [4] and the design of
cellar metal systems [5]. However, the fin approach assumes
that the fluid temperature is uniform across the coolant
flow, and this assumption makes its validity in a limited
range. By using empirical correlations Knight et al. [6] eval-
uated the performance of a microchannel heat sink, and
they reported that the total thermal resistance of a micro-
channel could be reduced by 35% compared to that
obtained by Tuckerman and Pease with the fin approach

[1].
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Nomenclature

a wetted area per volume

Bi equivalent Biot number, haH>/(1 — &)k
cr heat capacity of fluid

C inertial force coefficient

Da Darcy number, K/H>

Dy, hydraulic diameter of channel

h interstitial heat transfer coefficient

h overall heat transfer coefficient

H channel height

thermal conductivity of fluid

effective thermal conductivity of fluid
effective thermal conductivity ratio, ek¢/(1 — &)k,
thermal conductivity of solid
effective thermal conductivity of solid
permeability

length of heat sink

mass flow rate

overall Nusselt number, hH ke
pressure

heat flux over the bottom surface
thickness of the channel plate
temperature

)

2
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u velocity

up Darcy velocity, —(K/eug)d(p)¢/dx
U dimensionless velocity

We width of channel

W width of heat sink

dimensionless vertical coordinate, y/H
volume-averaged value over fluid region
Vs volume-averaged value over solid region

o~ o~
~
-

Greek symbols

Ol aspect ratio of microchannel, H/w,
r inertial force parameter, paupCK/eps
& porosity

0 dimensionless temperature

I viscosity of fluid

Of density of fluid

Subscripts

f fluid

m mean value

S solid

w wall

Alternatively, in view of the small dimensions of the
microstructures, Koh and Colony [7] modeled the micro-
channels as a porous medium by using Darcy’s law to
describe the flow. Later, Tien and Kuo [8] analyzed convec-
tion heat transfer in microstructures by using the Brink-
man-extended Darcy model for fluid flow to account for
the boundary effect. More recently, Kim and Kim [9] and
Kim et al. [10] have presented analytical solutions for
velocity and temperature distributions for forced convec-
tion in microchannel heat sinks by using the Brinkman-
extended Darcy equation for the fluid flow. However, when
the porous medium model is employed it is more reason-
able to describe the fluid flow based on a more general flow
model (see, for example, [11-13]) to account for the fluid
inertia force. To the author’s knowledge the analysis of
flow and heat transfer in a microchannel heat sink using
porous medium approach based on a general flow model
has not been available. Therefore, the purpose of this study
is to carry out an analysis of forced convection in a micro-
channel heat sink with the porous medium approach based
on a general flow model. To this end, the Forchheimer—
Brinkman-extended Darcy equation proposed by Vafai
and Tien [11] will be used in the present analysis for the
flow field to include the effects of fluid inertia and the solid
boundary. Also, the two-equation model is used for heat
transfer. In the present formulation it is shown that the
problem under consideration depends on four governing
parameters, including the channel aspect ratio, porosity,
the inertial force parameter, and the effective thermal con-
ductivity ratio. A parametric study on the effects of these

parameters on the flow and heat transfer characteristics is
performed to illustrate the basic thermal behavior of the
microchannel heat sink. Results for the velocity profiles
of the coolant flow, the temperature distributions of the
solid and fluid phases, and the overall Nusselt number
are presented for representative values of the governing
parameters.

2. Mathematical formulation

Consider the problem of forced convective flow through
a microchannel heat sink as shown in Fig. 1, heat is
removed primarily by conduction through the solid and
then dissipated away by convection of the cooling fluid in
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Fig. 1. Schematic of the microchannel heat sink.
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the microchannel. Each channel has a height H, length L,
width w,, and the thickness of the channel plate is 7. The
direction of fluid flow is parallel to the x-axis. The bottom
surface (y = 0) is uniformly heated with a constant heat
flux and the top surface (y = H) is well insulated. Since
the porous medium approach without entrance effect has
been shown to predict well the flow and thermal character-
istics of microchannel heat sinks [14]; to simplify the anal-
ysis, the flow is assumed to be laminar and both
hydrodynamically and thermally fully developed. Also,
the thermal physical properties are assumed to be constant.
To relax the constant-fluid temperature assumption along
the height of the channel wall in the fin approach, in the
present analysis the microchannel heat sink is modeled as
a fluid-saturated porous medium [8], as shown in Fig. 2.
The Forchheimer-Brinkman-extended Darcy equation
proposed by Vafai and Tien [11] for the fluid flow and
the volume-averaged two-equation model [8] for heat
transfer are used in this study. The governing equations
and the corresponding boundary conditions can be
expressed as

= S i )~ St = el =0 1)
a2~ hal(), - (1)) @)
Spt~0f<u>f% = ha((T), — (T),) +kfeaa<;>f 3)
(uy =0 aty=0,H (4)
(T), = (T); =Ty aty=0 5)
6<ay>@<a§>f0 aty—=H (©)

where the bracket () represents a volume-averaged value,
and K, C, ¢, kg, h, a, and k¢ are the permeability, inertial
force coefficient, porosity, effective thermal conductivity of
solid, interstitial heat transfer coefficient, wetted area per
volume, and effective thermal conductivity of the fluid,
respectively. For the rectangular microchannel heat sink,
the porosity and the wetted area per volume can be
expressed as
We 2

&= , a= (7)

WwWe +t we + ¢t

The effective thermal conductivities can be written as [9]

kse = (1 - 8)k57 kfe = 8kf (8)

H Y
X
h 4 )_'
z

Fig. 2. The equivalent porous medium.

where k, and k¢ are thermal conductivity of solid and fluid,
respectively.

To solve the governing equations (1)—(3), the permeabil-
ity K and the interstitial heat transfer coefficient /s should
be determined in advance. For the present configuration,
these parameters can be determined analytically through
an approximation method devised by Kim [15]. It is
assumed that the characteristics of pressure drop across
and heat transfer from the fins under consideration can
be approximated as those found for the Poiseuille flow
between two infinite parallel plates that are subject to a
constant heat flux. Then the velocity and temperature dis-
tributions can be obtained easily as

w? dp z\°
_ e 9
“ 2p; < dx) [<WC) <WC> ®)
"w, 2\* 2\’ z
) -6
kf We We We
Apply the volume averaging technique to get

1 w? dp
W= ] = (‘@ (“’

1 dTm
T), = 7dv =Ty 12
me=y [ -, T (12)

+ Ty (10)

Using these expressions together with the definition of the
permeability and the interstitial heat transfer coefficient, it
is found that

K= apfan = )
B q// _ &
h= 7Tw T W (14)

To proceed, we introduce the following non-dimensional
variables

(T) — T
qwH ’
(1—e)ks

<T>s — Ty
qwH
(1—¢)ks

(15)

0; = 0, —

where up = — le dfj’;f is the Dacian convective velocity. For
the fully developed flow subjected to a constant heat flux, it
is known that

o), _am), _dr.

Ox Ox dx

= constant (16)
and the energy balance requires that

oT
4y = epeCrumH <@x>f (17)

Substituting Eq. (15) into Egs. (1)—(6) along with the use of
Egs. (16) and (17), one can get the following set of dimen-
sionless governing equations and boundary conditions:
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Da d°U

e of § 1=0 1
. d7° U-—-U+ (18)
d’0, ~.
G2~ Bilds—0) =0 (19)
d’0;  ~.
krF"'BZ(HS - 9f) -SU=0 (20)
U=0 atY=0,1 (21)
0g=0=0 atY =0 (22)
do, dor B
dY_dY_O at Y =1 (23)
where
pa—X p_prmoCk (24)
H ety

are the Darcy number and the inertial force parameter,
respectively. The parameter S introduced in Eq. (20) is
given by
1
S=—+ (25)
[ udy

The parameters k, and Bi appearing in Egs. (19) and (20)
are the effective thermal conductivity ratio and the equiva-
lent Biot number in porous medium model, respectively,
and can be represented as

ke eky
r = 2
k ke (1 — &)k (26)
and
2
Bi= hiH = 10k, (27)

where a is the aspect ratio of microchannel, «g = H/w, . As
the porous medium approach is adopted, the thermal en-
ergy transported by the fluid as it moves past a given cross
section is

(T = [ peyer(7)dd

where 71 is the mass flow rate and (7)., is the bulk mean
fluid temperature using volume-averaged values. For con-
stant-fluid properties,

(T)gm = — / () (T) A (28)

umA. Ac

In a dimensionless form, the bulk mean fluid temperature is
given by

(T) ., — Ty [ UbY
O = 10— = fol ! (29)
Jo udy

(1—¢&)ks

Heat transfer result can be represented by the overall Nus-
selt number, which is defined as

—  hH
Nu= hH (30)
kg

where the overall heat transfer coefficient is defined as

9w
= 1w 1
Tw_Tf,m (3)

=

Here, T;,, is the conventional bulk mean temperature and
can be expressed as

/ Ug deA (32)
Ae

Tf,m =

UnAc

To account for the difference between the conventional
bulk mean temperature and the bulk mean temperature de-
fined in Eq. (28), proper correction for Eq. (28) can be
made by using the general method suggested by Kim
et al. [16]. They considered a certain volume filled with
solid and fluid phases, inside this volume u; and 7y can
be decomposed into two terms: volume-averaged value
and spatial variation:

up = (u)p + Uy (33)
Ty = (T), + Ty (34)

where ()f denotes the mean value and ~ indicates the var-
iation from the mean value. Substituting Eqs. (34) and (35)
into Eq. (32) leads to

/ i TrdA (35)
Ae

wam = <T>f,m + umAc

For the present configuration, spatial variations of the
velocity and temperature profiles can be expressed as

fir = [—6 (Wi>2 + 6<Wi> - 1] (36)
e ) ) - ()

Substitute Eqgs. (36) and (37) into Eq. (35) and perform the
integration to obtain

(37)

3 q//wc
Tom = (T), ——
f, < >f,m 70 kf (38)
Inserting Eq. (38) into Eq. (31) results in
- HHfm 3 W2 -
h —_|_ A 7 c 39
(1 —e)ks 140 keeH (39)

Then, the overall Nusselt number for the microchannel
heat sink can be represented by
hH _ €

N &
! kf kref,m_—z

3
14042

(40)

3. Results and discussion

When the inertia term is neglected (i.e., I' = 0), Eq. (1)
reduces to the Brinkman-extended Darcy equation which
is a linear one. For this case, by following a procedure
described by Kim and Kim [9] analytical solutions for the
velocity distribution of the fluid flow and the temperature
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distributions of the solid and fluid phases are obtained as
follows:

U(Y) = Asinh (\/Dz'ay> _ cosh (\/Dzay) ‘1 (41)

B Bi(l + k)
Y 2 Y)

— Cy4 sinh ( El(lkj_kr)Y) + Cy [cosh (&Y)
|1 eosh(vapa) ( Dsay)} } W)

snh (+/&7Da)
M sinh (\/%Y) :|

1Y2+CIY+CZ} — k0 (43)

— 1
Gf s {Y2+C1Y+C5C3C08h( k

2

The coefficients appearing in the above expressions are
given by
1 —cosh(y/¢/Da)
o sinh(+/¢/Da)
Ci—1- \/mcosh(\/s/Ta) -1
¢ sinh(y/e/Da)

D
C2 == —l
e
~ £
D = B 1 kr - kr_
1 i(1+ k) Da
k=
C3 = __ Da
Bi(l + k,)Dy
c, N, + N,
Bi(1 + ke)y/ 20 osh < Bi<1jkr>> sinh (/) D,
1
Cs=—
5 D,
__ 1 Da
Bi(l +k) ¢
Da 1
Ci=———
! & D1

Ny = Bi(1 + m&[l — cosh (\/gﬂ

& [Bi(l+k) . [e . Bi(l + k)
N2 = kr% Tslnh ( w) sinh T

It is noted here that for the case when the inertia effect is
neglected the dimensionless velocity distribution, Eq.
(41), is a function of ¢/Da only. This implies that U is a
function of the aspect ratio « only, since¢/Da = 1242. On
the other hand, the velocity profile depends not only on
the aspect ratio but also on the inertial force parameter I’

when the fluid inertia is incorporated in the momentum

equation. Now, since d{p)¢/dx = — epup/K, the pressure
drop A{p)¢ is obtained as
Ld(p) 12pupL
A - SN 4y — _ _SPMDE 44
b= [ Srax= - (44)

from which the friction factor can be given by

DuA 96 %\’
f= e (:29) (45)
2Pl Re(24 e — 1) \%

where Dy, is the hydraulic diameter of the microchannel and
Re = pgumDp/ s is the Reynolds number.

For the more general flow situation, the full set of Egs.
(18)—(23) is solved numerically by the finite-difference
method based on central differences, due to the nonlinear
nature of the Forchheimer—Brinkman-extended Darcy
equation. To access the accuracy of the numerical method,
a comparison between analytical and numerical solutions
has been made for the case when I' =0, and an excellent
agreement has been found. Next, quantities of interest
including the dimensionless velocity distributions, the tem-
perature distributions of the solid and fluid phases, and the
overall Nusselt number are illustrated for representative
values of the governing parameters in Figs. 3-9.

Fig. 3 represents the dimensionless velocity profiles for
different values of the inertial force parameter I" (character-
izing the fluid inertia effect) with a channel aspect ratio of
os = 1. The inertial effect tends to reduce the dimensionless
velocity, i.e. increasing the value of I" will produce a reduc-
tion in the velocity for a given value of «g, as shown in
Fig. 3. This is because that the last term on the left-hand
side of Eq. (1), commonly known as the Forchheimer or
Ergun inertial term, accounts for the additional pressure
drop and the form drag due to the solid obstacles, and
hence retards the momentum transport, which in turn
reduces the fluid velocity in the channel. Since the fluid
inertia effect may alter the velocity profiles considerably,
we had better consider this effect by including the Ergun

0.8
;7: o = 1
A - T =<3
S 06 T _T
2 //_/'/'/ TN
S NS NN
2 04 - ~Y
2 /- AN
» .
8 74 AN
< / \
_5 /‘./ r=00 N\
®» 02 A r=0.1 R
S _— r=05
£ —-—-T=10
o
0.0 T T T T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0
Y

Fig. 3. Effects of inertial force parameter I" on the velocity profiles for
os = 1.
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Fig. 4. Dimensionless velocity profiles for various values of og and I'.
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Fig. 5. Temperature profiles at selected values of o.
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Fig. 6. Temperature profiles at selected values of I'.

inertial term in the analysis when the porous medium
model is employed. Moreover, for o = 1 the present calcu-
lations show that the change in the maximum velocity
(occurring at the centerline, Y =0.5) is about 3% for
I'=0.1, 13% for I = 0.5, and 22% for I = 1. Calculations
have also been carried out for several channel aspect ratios
greater than unity and the results show that the influence of

0.0 q

0 k, =0.005
s — - — k=001
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Dimensionless temperature

-1.0

I'=
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Fig. 7. Temperature profiles at selected values of k.
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Fig. 9. Overall Nusselt number vs. k; at selected values of ¢ and I

inertial force on the velocity is more pronounced as o
becomes larger. The detailed results are not presented here
for the sake of brevity. Generally, we may conclude that
the inertial term needs to be considered for modeling the
fluid flow when the inertial force parameter I' > 0.5.
Fig. 4 illustrates the dimensionless velocity profiles for
various values of o with two values of I', i.e. 0 and 1. It
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is evident that the decrease in the velocity due to the inertial
effect becomes more significant for a larger aspect ratio.
Also, it can be seen that for a specific value of I" the region
sensitive to the boundary effect increases as o« decreases,
which produces a rise in the deviation from the mean veloc-
ity. Therefore, the velocity distribution is more uniform for
a larger value of o, in a manner that the velocity distribu-
tion flattens as o increases.

The effects of various problem parameters on the temper-
ature distributions of the fluid and solid phases are illus-
trated in Figs. 5-7. Fig. 5 demonstrates the effect of
channel aspect ratio on the dimensionless temperature dis-
tributions of both phases for I'=1 and &k, =0.005. An
increase in the aspect ratio tends to increase the fluid tem-
perature, while only slight effect of the aspect ratio is
observed on the solid temperature. Also, it reveals clearly
that the fluid temperature first rapidly decreases from its
maximum value at the bottom wall (Y =0), arrives at a
minimum, and then increases more gradually to its value
at the top wall. This phenomenon is more pronounced for
a smaller value of a,. On the other hand, the solid tempera-
ture with its maximum value at Y = 0 decreases slowly with
increasing Y. It is noted that the tendency of temperature
distribution displayed in Fig. 5 is similar to that presented
in [9] for I' =0, in which the fluid flow is described by the
Brinkman’s model. Fig. 6 shows the solid and fluid temper-
ature profiles at selected values of the inertial force param-
eter for o = 6 and k., = 0.005. The solid temperature is seen
to be nearly insensitive to fluid inertia, while the fluid tem-
perature distribution is affected appreciably by the fluid
inertial force. As compared to the case of I' =0, a larger
value of I' results that the fluid temperature first decreases
more rapidly with Y, following with a more gradual
decrease to attain a minimum, and then increases more
slowly to the top wall temperature. The computation shows
that the inertia effect on the fluid temperature becomes
appreciable when I is greater than unity (e.g. the maximum
change in the fluid temperature due to inertia effect is about
5% for I' =1 and 11% for I' = 10). Fig. 7 shows the effect of
the effective thermal conductivity ratio k, on the dimension-
less temperature distributions. For specific values of aspect
ratio (o = 6) and inertial force parameter (I' = 1), Fig. 7
reveals that an increase in k, is found to increase the temper-
ature of the fluid and solid phases. Moreover, the tempera-
ture difference between the solid and fluid phases increases
as the effective thermal conductivity ratio decreases. This
can be understood from the fact that the difference in tem-
perature gradients between the phases increases as kg/k
decreases, which in turn gives rise to the increase in the tem-
perature difference between the fluid and solid phases.

The overall Nusselt number is plotted against the chan-
nel aspect ratio at selected values of porosity and inertial
force parameter for k. = 0.005 in Fig. 8. It is found that
the overall Nusselt number increases with increasing aspect
ratio. As the channel aspect ratio increases, the tempera-
ture difference between the phases decreases (see Fig. 5),
which leads to an increase in the interstitial heat transfer

coefficient and hence the overall Nusselt number increases.
For a given value of oy, a larger porosity will produce a lar-
ger overall Nusselt number. This can be readily understood
from the expression of the overall Nusselt number, Eq.
(40). Although the fluid inertia affects appreciably the fluid
temperature distribution, Fig. 8 displays that an increase in
the inertial force parameter can only results in a small
increase in the mean fluid temperature, which in turn
increases slightly the overall Nusselt number. Fig. 9 repre-
sents the effect of the effective thermal conductivity ratio on
the overall Nusselt number for o, = 6 at selected values of ¢
and I'. It is clear from this figure that the overall Nusselt
number decreases with increasing k,. This behavior can
be explained from the fact that the temperature difference
between the solid and fluid phases decreases as k, increases
(see Fig. 7), which sequentially gives an increase in the
overall Nusselt number. Again, the influence of inertial
force on the mean fluid temperature and the overall Nusselt
number is seen to be very limited.

4. Conclusions

In this work the problem of forced convection heat
transfer in a microchannel heat sink has been investigated
by modeling the microchannel as a fluid-saturated porous
medium. The fluid flow is described by the Forchheimer—
Brinkman-extended Darcy model and the two-equation
model is used for heat transfer between the solid and fluid
phases. Numerical solutions are obtained for the velocity
profiles, the temperature distributions of the solid and fluid
phases, and the overall Nusselt number. In addition, based
on the Brinkman-extended Darcy model, analytical solu-
tions are presented for the velocity and temperature pro-
files. The governing parameters of this problem include
the channel aspect ratio, the inertial force parameter,
porosity, and the effective thermal conductivity ratio.
Effects of these parameters on the flow and heat transfer
characteristics in the microchannel heat sink are examined.
The solid temperature distribution is found to be practi-
cally insensitive to the fluid inertia force and the channel
aspect ratio, while the dimensionless velocity distribution
and the fluid temperature distribution depend on the iner-
tial force parameter and the aspect ratio. More specific, in
the present calculation the inertial effect is found to reduce
significantly the velocity if the inertial force parameter
I' = 0.5, while this effect on the fluid temperature becomes
appreciable when I' > 1. The overall Nusselt number is
found to increase with increasing the aspect ratio and
porosity, whereas it decreases with increasing the effective
thermal conductivity ratio. Furthermore, the effects of iner-
tial force on the mean fluid temperature and the overall
Nusselt number are found to be minor.
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